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CHARACTERIZATION OF n-RECTIFIABILITY IN 
TERMS OF JONES’ SQUARE FUNCTION: PART I 


XAVIER TOLSA 


Abstract. In this paper it is shown that if /r is a finite Radon 
measure in which is n-rectifiable and I < p < 2, then 


where 



— < oo for /r-a.e. x S 



with the infimum taken over all the n-planes L C R'^. The co¬ 
efficients are the same as the ones considered by David and Semmes 
in the setting of the so called uniform n-rectifiability. An analo¬ 
gous necessary condition for n-rectifiability in terms of other co¬ 
efficients involving some variant of the Wasserstein distance Wi is 
also proved. 


1. Introduction 


A set U C is called n-rectifiable if there are Lipschitz maps fi : 
M"' —)■ z = 1, 2,..such that 



where 'H"' stands for the n-dimensional Hausdorff measure. On the 
other hand, one says that a Radon measure jx on is n-rectifiable if /i 
vanishes out of an n-rectifiable set U C and moreover /i is absolutely 
continuous with respect to W^Ie- 

One of the main objectives of geometric measure theory consist in 
obtaining different characterizations of n-rectifiability. For example, 
there are classical characterizations in terms of the existence of ap¬ 
proximate tangents, in terms of the existence of densities, or in terms 
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of the size of orthogonal projections. For the precise statements and 
proofs of these nice results the reader is referred to [Ma]. 

More recently, the development of quantitative rectifiability in the 
pioneering works of Jones [Jo] and David and Semmes [DSl] has led to 
the study of the connection between rectihability and the boundedness 
of square functions and singular integrals (for instance, see [Da], [Le], 
[NToV] or [CGLT]). Many results on this subject deal with the so 
called uniform n-rectihability introduced by David and Semmes [DS2] 
One says that /i is uniformly n-recti£able if it is n-AD-regular, that is 
^-i^n ^ < cr^ for all x G supp/i, r > 0 and some constant 

c > 0, and further there exist constants 6,M > 0 so that, for each 
X G supp fj, and i? > 0, there is a Lipschitz mapping g from the n- 
dimensional ball Bn{0,r) C M” to such that g has Lipschitz norm 
not exceeding M and 


p{B{x,r)ng{Bn{Q,r))) > 

To state one of the main result of [DSl] we need to introduce some 
additional notation. Given 1 < p < oo, a closed ball B C and an 
integer 0 < n < d, let 





/ dist{y,L)y 

V r{B) J 



where the infimum is taken over all the n-planes L C Quite often, 
given a fixed n, to simplify notation we will drop the exponent n and 
we will write I3^^p{x,r) instead of /3^p{B{x,r)). The aforementioned 
result from [DSl] is the following. 


Theorem A. Let 1 <p < 2n/{n — 2). Let p be an n-AD-regular Borel 
measure on The measure p is uniformly n-rectifiable if and only if 
there exists some constant c > 0 such that 


• B{x,r) J 0 


A 




(iT 

{y,rf — dp{y) < cD 
r 


for all X G supp y and all r > 0. 


In the case n = 1, a result analogous to this one in terms of L°° 
versions of the coefficients is also valid, even without the n-AD- 
regularity assumption on p, as shown previously by Jones in his trav¬ 
eling salesman theorem [Jo]. 

Other coefficients which involve a variant of the Wasserstein dis¬ 
tance Wi in the spirit of the /5^,p’s have been introduced in [Tol] and 
have shown to be useful in the study of different questions regarding 
the connection between uniform n-rectihability and the boundedness 
of n-dimensional singular integral operators (see [To2] or [MT], for ex¬ 
ample). Given two finite Borel measures a, y on and a closed ball 
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B C we set 

distB(o-,/i) := supj J f da - J f : Lip(/) < 1, supp(/) C 
where Lip(/) stands for the Lipschitz constant of /. We also set 

dist3B(/i, «K), 

where the inhmnm is taken over all the constants a > 0 and all the 
n-planes L which intersect B. Again we will drop the exponent n and 
we will write a^{x,r) instead of a^{B{x,r)) to simplify the notation. 
In [Tol] the following is proved: 

Theorem B. Let jj, be an n-AD-regular Borel measure on The 
measure g, is uniformly n-rectifiable if and only if there exists some 
constant c > 0 such that 


' B(x,r) J 0 


— diJ,{y) < cr^ for all x E snpp n and all r > 0. 


In recent years there has been considerable interest in the held of 
geometric measnre theory to obtain appropriate versions of Theorem 
A and Theorem B which apply to n-rectihable measnres which are not 
n-AD-regnlar. The need for snch results is specially notorious in the 
case n > 1, where there is no analogous of Jones’ traveling salesman 
mentioned above. The current paper contributes to hll in this gap by 
means of the following theorem, which provides necessary conditions 
for n-rectihability in terms of the coefficients. 

Theorem 1.1. Let 1 < p < 2. Let fi be a finite Borel measure in 
which is n-rectifiable. Then 


( 1 . 1 ) 



dr 

- < CXD 

r 


for fi-a.e. x E M'’*. 


The integral on the left hand side of (1.1) quite often is called Jones’ 
square function. In the sequel [AT] of the present work, by Azzam and 
the author of the present paper, it is shown that the hniteness of Jones’ 
square function for p = 2 implies n-rectihability. The precise result is 
the following: 


Let fj, be a finite Borel measure in R'’* such that 

(1.2) 0 < limsup^^i^^^^ < oo and H f3;^{x,rf — < oo 

r^o Jo r 

for fi-a.e. x E R'’*. Then p, is n-rectifiable. 


So we have: 
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Corollary 1.2 ([AT]). Let /x be a finite Borel measure in such that 
0 < limsup^_^g < oo for /i-a.e. a; G Then fi is n-rectifiable 

if and only if 


(1.3) 





dr 

— < oo 
r 


for fi-a.e. x G 


In particular, a set E C with < oo is n-rectifiable if and 

only if (1.3) holds for fi = 'MT\e- 


The second result that is obtained in the current paper is the follow¬ 
ing. 


Theorem 1.3. Let p, be a finite Borel measure in which is n- 
rectifiable. Then 



dr 

— < oo 
r 


for fi-a.e. x G M'^. 


This theorem can be considered as a version for non-AD-regular mea¬ 
sures of Theorem B above. 

Let us remark that Theorem 1.1 has already been proved by Pajot 
[Pa] under the additional assumption that p, is n-AD-regular, for 1 < 
p < n/{n — 2). Further, in the same paper he has obtained the following 
partial converse: 

Theorem C. Let 1 < p < n/{n — 2). Suppose that E is compact 
and that p, = TElE is finite. If 

. ia{B{x,r)) on ( 

hmmf->0 and / B,,Jx,r) —< oo 

r^o r” Jg ^ r 

for fj,-a.e. x G then E is n-rectifiable. 


Notice that in the above theorem the lower density liminf^^o 
is required to be positive, while in (1.2) it is the upper density which 
must be positive. Recall that the assumption that the upper density is 
positive fi-a.e. is satished for all measures of the form p = 'H'^\E, with 
'H'^{E) < oo. On the contrary, the lower density may be zero fi-a.e. for 
this type of measures. 

Quite recently. Badger and Schul [BS2] have shown that Theorem 
C also holds for other measures different from Hausdorff measures, 
namely for Radon measures fi satisfying fi "H”. However, their exten¬ 
sion of Pajot’s theorem still requires the lower density lim inf,,^g 
to be positive fi-a.e. 
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To describe another previous result of Badger and Schul [BSl] we 
need to introduce some additional terminology. We say that p is n- 
rectihable in the sense of Federer if there are Lipschitz maps /j : M" —)■ 
i = 1, 2,..such that 


The condition that p is absolutely continuous with respect to "H" is not 
required. 

Given a cube Q C denote 




inf 


(- 


L \ fi{SQ) J^Q 


f dist(i/,L) y 

V m ) 



1 


where ^{Q) stands for the side length of Q and the inhmum is taken 
over all n-planes L C The result of Badger and Schul in [BSl] 
reads as follows: 


Theorem D. If H is a locally finite Borel measure on which is 
1-rectifiable in the sense of Federer, then 

(1.4) < oo F-a-e. x E 

Qe-V:xeQ,e(Q)<i uwJ 

where V stands for the lattice of dyadic cubes o/R'^. 


According to [BSl], Peter Jones conjectured in 2000 that some con¬ 
dition in the spirit of (1.4) should be necessary and sufficient for n- 
rectihability (in the sense of Federer). Observe that from Theorem 1.1 
it follows easily that if p is n-recti£able (in the sense that p "H”), 
then 

(1.5) /3^,2(Q)^ < cxD for p-a.e. x E R^. 

Q&V:x&Q,e{Q)<l 

Notice that Theorem D is only proved in the case n = 1. As remarked 
by the authors in [BSl], it is not clear how one could extend their 
techniques to the case n > 1. However, in contrast to Theorem 1.1 
their result has the advantage that it applies to measures that need 
not be absolutely continuous with respect to FL^. 

For another work in connection with rectihability and other variants 
of the /32 coefficients, we suggest the reader to see Berman’s work [Ler], 
and for two recent papers which involve some variants of the a coeffi¬ 
cients without the AD-regularity assumption, see [ADTl] and [ADT2]. 
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The plan of the paper is the following. First we prove Theorem 1.3 
in Section 2. We carry out this task by combining suitable stopping 
time arguments with the application of Theorem B to the particular 
case when fi is n-dimensional Hausdorff measure on an n-dimensional 
Lipschitz graph. Finally, we show in Section 3 that Theorem 1.1 follows 
from Theorem 1.3 by means of other stopping time arguments. Both 
in Theorem 1.1 and 1.3, the stopping time arguments are mainly used 
to control the oscillations of the density of fi at different scales. 

In this paper the letters c, C stand for some absolute constants which 
may change their values at different occurrences. On the other hand, 
constants with subscripts, such as Ci, do not change their values at 
different occurrences. The notation A < B means that there is some 
hxed constant c (usually an absolute constant) such that A < cB. 
Further, A ^ B is equivalent to A < B < A. We will also write 
A <cj B if we want to make explicit the dependence on the constants 
Cl of the relationship . 


2. The prooe oe Theorem 1.3 

2.1. The Main Lemma. In this section we will prove the following: 

Lemma 2.1 (Main Lemma). Let fi be a finite Borel measure on 
and let F C 6e an n-dimensional Lipschitz graph in Then 

, \2 dr 

aJx^r) — < oo for VA-a-e. a; G F. 
r 



It is clear that Theorem 1.3 follows as a corollary of the preceding 
result, taking into account that if fi is n-recti£able, then it is abso¬ 
lutely continuous with respect to "H” restricted to a countable union of 
(possibly rotated) n-dimensional Lipschitz graphs. 

In the remaining of this section we assume that fi is & finite Borel 
measure and F is an n-dimensional Lipschitz graph, as in Lemma 2.1. 


2.2. The exceptional set H. We intend now to define an exceptional 
set H which will contain the balls centered at F with too much mass. 
The precise definition is as follows. Let M 3> 1 be some constant to 
be fixed below. Let Hq be the family of points a; G F such that there 
exists a ball B{x,r) such that 

fi{B{x, r)) > M r^. 

For X E Hq, denote by r^ a radius such that 

fi{B{x,rfi)) > Mrf. and fi{B{x,r)) < Mr"' for all r > 2ra.. 
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By the 5r covering theorem, we can cover Hq by a family of balls 
i G Ih, with Xi G Hq, so that the balls B{xi,rxi), i G In, 
are pairwise disjoint. We denote Aj = B{xi, and we set 

H = H{M) = IJ A,. 

i€lH 


Note that 

( 2 . 1 ) 




< 5^ 


r(Ai)^ 


< 5”M. 


Also, observe that any ball B centered on T which is not contained in 
H satishes 

^{B) < Mr{By. 

For technical reasons it is also convenient to introduce the sets H^, 
for k> 1: 


(2.2) = H^{M) = IJ k/\i, 

ieiH 

where /cAj is the ball concentric with Aj with radius kr{Ai). Obviously, 
we have H C H^. 


Lemma 2.2. For any positive integer k, we have 


lim nr) 

M^oo 


0 . 


Proof. For x G denote 

^ p{B{x,r)) 

Mnti{x) := sup- - -. 

r>0 F 

It is well known that Ain is bounded from the space of real Radon 
measures M(M^) to Then it follows that 

(2.3) AinP{x) < oo for "H^-a.e. t G F. 

Let X G so that x G kAi for some i G Ih- By (2.1) we have 


fi{B{x, {k + l)r(Ai)) 


> 


p{Ai 


> 


M 


((F + 1) r(Ai))^ ^ ((F + 1) r(Ai))^ “ 5^(/c + 1)^’ 

and thus Ainhix) > Hence we infer that 

C {t G : MnP{x) > 5-^ {k + 1)-"M}, 

and so 


n F) < n'^{{x G F : MnP{x) > 5-^{k + 0 

as M ^ oo, by (2.3). □ 
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From now we will allow the constants c in the estimates below to 
depend on M. 

2.3. The Whitney cubes and the approximating measure a. 

Let A : —)■ W^~'^ be the function whose Lipschitz graph is F. Con¬ 
sider now a decomposition of \ F into a family W of dyadic Whitney 
cubes. That is, W is a collection of dyadic cubes with disjoint interiors 
such that 

U Q = R‘'\r, 

QeW 

and moreover there are some constants R > 20 and F*o ^ 1 such the 
following holds for every Q eW: 

(i) log C \ F; 

(ii) RQ n F 7^ 0; 

(hi) there are at most Dq cubes Q' eW such that lOg fl lOg' ^ 0. 
Further, for such cubes Q', we have i(Q') ~ ^{Q)- 
From the properties (i) and (ii) it is clear that dist(g,F) i{Q)- We 
assume that the Whitney cubes are small enough so that 

(2.4) diam(g) < dist(g,F). 

This can be achieved by replacing each cube Q eW hj its descendants 
P E 'Dk{Q)i for some hxed /c > 1, if necessary. From (2.4) we infer that 
if g G W intersects some ball B{y,r) with y eT, then 

(2.5) diam(g) < r, 
and thus 

(2.6) QcB{y,3r). 

We denote Wg the subfamily of the cubes from W which are disjoint 
from H. The subindex G stands for “good”. It is straightforward to 
check that 

(2.7) y{Q) < cMi{Q)^ ii Q E Wg- 

Notice also that if g G W\Wg, then there exists some ball Aj, i E Ih, 
such that g n Aj 7 ^ 0, and thus, by (2.5) and (2.6), 

(2.8) diam(g) < dist(g,F) < r(Aj) and Q C 3Aj. 

With each cube g G W \ Wg we associate a ball Aj such that 
g n Aj 7 ^ 0, and we write g ~ Aj. The choice does not matter if the 
ball Aj is not unique. 

Lemma 2.3. There exists a family of non-negative functions qq, for 
Q E Wg, which verify the following properties: 
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(a) suppgfQ C r n B{xQ,Ai{Q)), for some constant A depending 
at most on n and d. 

(b) JgQd'H^ = fi{Q). 

(c) there exists some constant Ci depending at most on n and d such 
that the funetion 

(2-9) go := ^ gq 

Q&Wg 

satisfies ||fi'olU“(«p) < Ci M. 

Proof. We denote by Wq the cubes from Wg which have side length 

2-f 

We will construct the functions gq as weak limits of other functions 
gq. For a hxed k > 1, we set 

g^q = 0 forge IJ 

For j < k, we will define the functions gq inductively, starting with the 
functions gq associated with the cubes Q G then the functions 
gq associated with the cubes from in then the functions gq 

associated with the cubes from etc. 

To dehne gq for Q e we consider the ball 

Bq = B{xq,Am). 

where A is some absolute constant such that B{xq, ^Ai{Q)) fl F 7 ^ 0 , 
which in particular ensures that 

( 2 . 10 ) H^{TnBq)>c-^i{Qr. 

Then we define 

k ^ _ 

^ n^iTDBq) 

So by (2.10) and the fact that Q is good cube, \\9q\\L^qin\YG\BQ) — 
and by the hnite superposition of the balls Bq, Q e W^, we get 

( 2 . 11 ) X^3e<C2- 

Qew^ 

Suppose now that we have already dehned the functions gq for the 
cubes g e Wg, with i = k, k — 1,..., j, so that supp^f^ C F fl 
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B{xq, Ai{Q)) and J To construct g’^, for R G 

we consider the set 

£« = hernSfl: ^ 

^ j<i<k QgW^ ^ 

where A is some positive constant to be fixed below. By Chebychev, 
we have 
( 2 . 12 ) ^ 

■H”(rnB„\B«) < i / ^ E ^ 1 E E 

j<i<k QeWi; j<i<k QeWi 


Since all the cubes Q G Wq which intersect Bji, with j < i < k, are 
contained in tBji, where t > 1 is some absolute constant, we get 

n^{rnBn\Eji) < j^iitB^). 

On the other hand, from (2.12) it is clear that 'H"’(TnBfi\Eiij vanishes 
unless there exists some good cube Qq G Wg which intersects Br. This 
implies that 

^itBu) < cMti{R)^. 

Indeed, if Bq is some ball centered on F which contains tBq (and 

thus Qo) with r^B'o) < 2tr{BQ), then jj,(tBjij < ^.{B'q) < Mt^B'qY 
because Qq ^ iF, which proves the claim. Then we deduce that 

(r n \ Er) < ^ ^{Rr < n\vr\BR). 

As a consequence, if we choose \ = 2 cq M t, we get 


(2.13) 


H^{ER)>^'H\TnBR)>ci{Rr. 


We dehne 

k KR) 

-H^{Er) 

From (2.7), we know that /i(i?) < c£{R)"', and then from (2.13) it 
follows that 



cM£{RY 

Teh — cXer- 


From the fact that Er C Br^ it turns out that the sets Er^ for R G 
have hnite superposition. Thus, 





RECTIFIABILITY IN TERMS OF JONES’ SQUARE FUNCTION: PART I 11 


On the other hand, by definition 

E E gqix) < A for all t G ^R- 

j<i<k 

Therefore, 

(2.14) 5]] ^q(t) < A + C 4 for all t G ^R- 

j-l<i<k QgW^ 

Notice also that 

(2.15) 

E E Sq(x) = E E I’ ^ UR6wj-‘ 

j-l<i<k Qew^ j<i<k Q&Vij 

Arguing by induction, from the conditions (2.11), (2.14) and (2.15) 
it follows easily that the functions Qq satisfy 

Y 3q- max(c2,C4 + A). 

QsWg 

To get the functions gq, Q & Wg, we will take weak limits in 
L°°('Hp). Suppose that the cubes from Wg are ordered, so that Wg = 
{Qi,Q 2 , ■ ■ ■}■ Consider a partial subsequence {gq^}keh ^ 
which converges weakly to some function gq-^ G Now take 

another subsequence {gq^jkeh {gq^}keii which converges weakly to 
gQ2 ^ T°°('Hp), and so on. By construction, the functions gq, Q G Wg, 
satisfy the properties (a) and (b) in the lemma. Also, (c) is fulfilled. 
Indeed, for any k and any fixed N we have 

N 

9Qi ^ c. 

i=l 

So letting /c —)■ cx), we get 

N 

i=l 

uniformly on N, which proves (c). □ 

Assume that In = {1, 2,...}. For i E In denote 

A* = A, \1Ja,-, 

j<i 

H=[jA, 

i&lH 


SO that 



12 


XAVIER TOLSA 


and the sets Aj, i G Ih, are pairwise disjoint. 

Lemma 2.4. For each i ^ Ih there exists a non-negative function hi 
which satisfies the following properties: 

(a) supphi C r niAi. 

(b) f hi d'Hp = /i(Aj n r) + X]QGW\WG:Q~Ai h'iQ)- 

(c) ||hj||Loo(-^n) < C5M. 

Proof. For i E Ih set 

F^= U Q. 

QeW\>VG:Q~Ai 

If Q is as above, then Q C 3Aj, by (2.6). Therefore, 

/i(F,) < /i(3A,) < Mr{A,r - MH^{T n ^A,). 

So if we let _ 

^ /i(A, n F) + lajFi) 

* ?^”(Fn|Ai) ^rn|AF 

the lemma follows. □ 

We consider the function 

9 = 9o+'^hi. 
ieiH 

Recall that go has been dehned in (2.9). Since the functions hi, i elH, 
have disjoint supports, it is clear that 

llfl'l|L°°('Hp) A (ci + C5) FI- 

We also take the following measure: 

a = pl[V\H + gU^. 

In a sense, a should be considered as an approximation of which is 
supported on F. 

2.4. The a-coefRcients of pi on the good F-cubes. We consider 
the following “F-cubes” associated with F; we say that Q C F is a F- 
cube if it is a subset of the form Q = F fl (Qo x where Qo C M” 

is an n-dimensional cube. We denote i{Q) := £(Qo). We say that Q is 
a dyadic F-cube if Qo is a dyadic cube. The center of Q is the point 
xq = (xqo, A(xqq)), where xq^ is the center of Qo and A : R” —)■ R‘^“"' 
is the function that dehnes F. The collection of dyadic F-cubes Q with 
£(Q) = 2~t is denoted by Vrj- Also, we set Vr = 
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Pp = We denote by Vy{R) the collection of the F-cubes 

from Pp which are contained in R. 

The collection of the “good” dyadic F-cubes, which we denote by 
Pp, consists of the F-cubes Q G such that 

Q ^ \J9A, = H^ 

i&lH 

(recall the dehnition of in (2.2)). In particular, if Q G Pp, then 
Q<;tH.We also denote V^{R) = Vr{R) n V^. 

Given a F-cube Q, we denote by Bq a closed ball concentric with Q 
with r{BQ) = 3diam((5). Note that Bq contains Q and is centered on 
F. We set 

The main objective of this subsection is to prove the following. 
Lemma 2.5. There exists some constant c such that for every R G Vr, 

Yi, ojQfe(Qr<ce(Rr. 

QeVG(R) 

Observe that the sum above runs only over the good cubes Q G 
T>p (i?). For the proof we need hrst a couple of auxiliary results. 

Lemma 2.6. Let Q G . Let P G >V\ Wg be such that PDBq ^ 0. 


If P ^ Ai, then 


(2.16) 

i{P) < rfAi) < ci{Q) 

and 


(2.17) 

P C 3Aj C 3Bq. 


Recall that P G W \ Wg means that P is a Whitney cube such that 
P n H ^ 0, while Q G Pp means that Q is a cube from Pp such that 

Proof. The hrst inequality in (2.16) and the hrst inclusion in (2.17) 
have been proved in (2.8). 

From the fact that P C 3Aj we infer that 3Aj 0 Bq ^ 0. Suppose 
that r{BQ) < r(3Aj). This would imply that Bq C 9Aj and so Q C 
9Ai, which contradicts the fact that Q G Pp. So we deduce that 

riBq) > r(3Ai), 

which implies that 3A* C 3 Pq and also the second inequality in (2.16). 

□ 
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Lemma 2.7. If Q & , then 



Recall that 


(2.18) 


a = fi\T\H + g'H^. 


Proof. Let 99 be a 1-Lipschitz function supported on Bq. Consider 
cq > 0 and an n-plane Lq which minimize aa{Q). Then we write 
(2.19) 


(fdjJ,- Cq 


pdnl 


< 


ip d{jj, 


a 


pd{a-CQ nl ) 


Observe that the last integral on the right hand side does not exceed 
C(a{Q) To estimate the hrst term on the right hand side, using 

(2.18) we set 

fi-a = pl{T\HY-g'H^ = pl{T\Hr- gpH^-J^KUY 

P&Wg i€lH 

As in Lemma 2.4, for i E In denote 


and further we set 


F, = U 

PeWiP^Ai 

Fi = {Ai n T) U Fi. 


We split /i[(r \ Uy as follows: 

p&Wg ieiH i&iH Pew\WG.P^Ai 

= E + Z pF 

P&Wg i&lH 


Then we get 


( 2 . 20 ) 
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For each P G Wg, since J gpctH^ = we deduce that 


^difilP-gpn^) 


< 


{ip{x) - <~p{xp)) dg,{x] 


((p(xp) - (p(x)) gp(x) 


To deal with the hrst integral on the right hand side we take into 
account that for x E P we have 

(2.21) \(p{x) - (p{xp)\ < llVv^lloo \x - xp\ < ci{P). 

Concerning the second integral, recall that suppgp C TnB{xp, Ai{P)), 
and thus we also have \x — xp\ < ci{P) in the domain of integration, 
so that (2.21) holds in this case too. Therefore, 


(pd{iJ,[P - gp H 


<ci{P)jj,{P)^ / dist{x, T) diJ,{x), 


where we took into account that dist(a;,r) ^ ^{P) for every x E P. 
Recall that supp ip C Bq and thus the integral on the left hand side 
abovevanishes unless P fl Bq ^ 0. As remarked in (2.6) this ensures 
that P C SBq. Hence, 


( 2 . 22 ) 


E 

PeWa 


ipd{fx[P-gpn^) 


< c 


Pbq 


dist(a;, T) dg,{x). 


To estimate the las term on the right hand side of (2.20) we argue 
analogously. For each i G /jy, we have 

f h, dU^ = ^ r) = /i(F,), 

QeW\lVG:Q~Ai 


and so 


ipd{^[Fi-h,n'^: 


(2.23) 

By (2.4) we know that 


< 


+ 


'Fi 


{ip{x) - ip{xi)) dfi{x] 


{(p{xi) - (p{x)) hi{x) U^ix)) 


(2.24) 


Fi U supp hi C 3Aj U -Aj c 3Aj. 

5 


So we have \ip{x) — ip{xi)\ < cr(Aj) in the integrals on the right hand 
side of (2.23) and thus we obtain 


ipd{pi\_F,-KP^] 


< cr(Ai)/i(Fj). 
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On the other hand, observe that the left side of (2.23) vanishes unless 
Fi n Bq 7 ^ 0 or iAj n Bq 7 ^ 0 . The first option implies that 


Fi C 3Bq, 


by (2.17). If n Bq ^ 0 , there exists also some P eW\ Wq which 
intersects both Bq and A*, which implies that 3Aj C 3Bq by (2.17) 
again. Together with (2.24) this yields 


(2.25) 



cpdifi[Fi-hin^) 


<c r{Ai)fi{Fi) 

i:3AiC3BQ 


<c Y r{Ai)fi{3Ai) 

i:3AiG3BQ 


<c Y, 

i:Ai(Z3BQ 


where we took into account that /i(3Aj) < M3”r(Aj)'^ in the last 
inequality. 

From (2.20), (2.22) and (2.25), we derive 


ip d{fj, — a) 


<c / dist(a;, T) (ip(a;) + c Y^ i’(Aj)”’''^. 

r.AiC3BQ 


Plugging this estimate into (2.19), we get 


(fdn-CQ / 


<c / dist(a;, T) (i/i(a;) 
J 3Bq 


+ c Y riA,r^^ + a,{Q)i{Qr^\ 

i:AiC3BQ 

Taking the supremum over all 1-Lipschitz functions (p supported on 
Bq, the lemma follows. □ 


Proof of Lemma 2.5. Obviously we may assume that T*p(i?) 7 ^ 0 , 
which implies that R G ■ 
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By Lemma 2.7, for any R G Rt we have 

a,(Qfi(Qr<c Y. 


Q&VG{R) 


Q^VG{R) 




Q&V^iR) 


dist(a;, L) 

'm 


n+l 


dn{x) i{Qy 


E E (^) 

QGV^iR) Ve/jf:AiC3SQ ^ ^ 


n+l 


i{Qy 


(2.26) 

Recall that 

a = fi[T + gn^ = pn^ + gn^, 
with ||p||i,oo(^n) + || 5 (||ioc(^n) < 1. Then, by [Tol], we have 

(2.27) a^iQyiiQr<ciiRr. 

QGVriR) 

Let us turn our attention to the last term on the right hand side of 
(2.26). Using the estimate r(Aj) < c£{Q), we derive 






Thus, 


E E 

QeV^(R) \*G/ff:AiC3SQ ^ 


/r(A.)\ 

m) 


n+l' 


i{Qy 


^ E E 


QeVriR) 


< Y ''(Y)”"’ E 




QeTir-SBQDA, 


m 


Since 


we deduce that 


E 


1 < 1 


QeVr-SBQDA, 


i{Q) ~ r(+)’ 


E ( E E KA-r^sw 

QeV^iR) \ielH-^iC3BQ ^ 2 / ieln-AiCcBR 

taking into account that the balls ^A*, i G Ir, are disjoint. 
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To estimate the second term on the right side of (2.26) we use 
Cauchy-Schwarz: 

/dist(a;, T) ^ ^ 


'ZBq 


dist(a;, T) 

“W) 


n+l 


dfiix) < fiiSBq) 


'3Bq 




n+l 


dfj,{x) 


Since Q G we have < c£(Q)^, and so the right hand side 

of the above inequality does not exceed 

f dist(a;,r)^ 


Therefore, 


E 

Qev^iR) 


JsBq KQ) 
dist(a;, T) 


n+2 


■ di^{x). 


m 


df,{x) ) iiQY 


<c E / 

Q&V°{R) 


dist(a;,r)2 

^dfi{x). 


i{QY 


By Fubini, the term on the right hand side equals 

. . 1 


f dist(a;,r)2 ^ 

dcQBji 


X3Bq[X) 


Q&V°{R) 


iiQY 


dn^x), 


since 

SBq C CqBr 

QdVviR) 

for some constant Cg > 1. Notice now that 


X3Bq{.x) 

Q&VG{R) 


1 


E 

Q<RDY-x<^3Bq ,Q(lR 


1 


< 

r\_/ 


1 

dist(a;, r)^’ 


because the condition x G “iBq implies that dist(a;, T) < r{Bq) ks i{Q)- 
Thus, 


E 

Qev^iR) 




dist(a;, T) 

lioy^ 


dfx{x)) i{Qy 


< 


dist(a;, T)^ 


'ceBn dist(a;,r)2 
= h{cgBr) < ci{R) 


djji^x) 


The last inequality follows from the fact that R G T>p, and so R is not 
contained in H. Thus B{xR,di&m{cQR)) ^ H and then 

/i(c65+ < Mric^BnT < cMi{Rr. 

We have shown that the three terms on the right hand side of (2.26) 
are bounded by ci{R)"', and so we are done. □ 
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2.5. Proof of the Main Lemma 2.1. We claim that for any R 

f dr 

(2.28) / / af,{x,r)^— dU^x) 

Jr\h^{m) Jo ^ 


r, 


This follows from the fact that given x E R \ and r < i{R), there 
exists some cube Q G with i{Q) ^ r such that B{x,r) C Bq, and 
so 

at,{x,r) < a^{Q). 

Then we obtain 





dr 

r 


dUlix) < 


5 ^ a,(qft(QT- 


By Lemma 2.5, the right hand side above does not exceed c(M) i{R)^, 
and thus we get (2.28). In particular, this estimate ensures that 

(IT 

afj,{x, rY — < oo for x E R \ 

It easily follows then that 

dv 

a^x, rY — < oo for "H^-a.e. x E R \ 

By Lemma 2.2, 'H"'(iL®(M)nr) —)■ 0 as M —)■ cx) and thus the preceding 
estimate holds W^-ci.e. in R. As R E T>r is arbitrary, we are done. □ 




3. The proof of Theorem 1.1 

3.1. Peliminaries. The case p = 1 of Theorem 1.1 follows from the 
fact that 

(3.1) I3ix,i{x,r) < ca^Xj^r) for all x E supp/i, r > 0. 

To see this, take an n-plane L C and a > 0 which minimize 
a^Xj^r), let p be a Lipschitz function supported on B{x,2r) which 
equals 1 on B{x,r), with Lip((p) < 1/r. Then 

/_ dist{y, L) d^{y) < /_ ip{y) dist{y, L) dfi{y) 

J B{x,r) J B{x,r) 

= j arr\L){y) 

< Lip((pdist(-, L)) dist 2 _B(p, a'H^li) 

< cr^^^ a^x, 2r), 


which yields (3.1). 
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Notice also that, for 1 < p < 2, given a ball B{x, r) and any n-plane 
L, by Holder’s inequality we have 


< 




^B{x 


,r) \ 


( dist(i/,L) 


dp{y) I 


\ p/2 


( p{B{x,r)) 


y V 


l-p/2 


So taking inhmums and raising to the power 1/p, we obtain 

' p{B{x,r))Y~ 




As a consequence, for all x G 


1 1 
2 






dr 


< ( sup 

r>0 


p{B{x,r))\p ^ 


l^pi,2{x,r) 


dr 


If /i is a hnite Borel measure which is rectifiable, then the supremum 
on the right hand side above is finite for /i-a.e. x G So to prove 
Theorem 1.1 it suffices to show that 
r°° dr 

(3.2) / (dpi, 2 {x,rY — < cxD for /i-a.e. x G M'’*. 

Jo ’ ^ 

To prove this statement we will follow an argument inspired by some 
techniques from [Tol, Lemma 5.2], where it is shown that the /5^,2’s can 
be estimated in terms of the coefficients when p is an n-dimensional 
AD-regular measure. In the present situation, p fails to be AD-regular 
(in general) and so we will need to adapt the techniques in [Tol] by 
suitable stopping time arguments. 

3.2. The stopping cubes. We denote by the family of dyadic cubes 
from R'’*. Also, given i? G T>{R) stands for the cubes from B> which 
are contained in R. 

Since p is n-rectifiable, the density 

\ V d-{B{x,r)) 

Q (x,p) = hm A ’ 

^ r^o (2r)^ 

exists and is positive. So, given i? G T* with p{R) > 0 and e > 0, there 
exists TV > 0 big enough such that 

p{{xeR: N-^ < e^{x, p) < N}) > (1 - £) p{R). 

Let ro > 0 and denote now 
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Then we infer that 

fi{R\A) < 2e 

if ro is small enough. 

By Theorem 1.3 we know that 

r 1 12 dr 

/ aJx,r) — < oo. 

Jo r 

So setting 

f dr ) 

F = F{N) = G i? n supp /i : J r)^ — < j , 

it turns out that 

fi{R \F) < e fi{R) 

if N is big enough. 

We take N and ro so that 

(3.3) \ (^ n F)) < jji^R \ A) + /i(i? \ F) < 3e n,{R). 

For a given cube Q E V, we denote Bq = B{xq, 3diam((5)), where 
xq stands for the center of Q. Given some big constant M > N, we 
consider now the following subfamilies of cubes from T>{R)\ 

• We say that Q eV belongs to HDq if Q 3i?, diam((5) < ro/10 
and i^{Bq) > M 

• We say that Q eV belongs to LDq if Q C 3R, diam((5) < ro/10 
and /i(3g) < M-H{Q)^. 

• We say that Q E V belongs to BAo if Q C 3R, diam(g) < ro/10, 
Q ^ HDo U LDo, and Q O F = 0. 

We denote by Stop the family of maximal (and thus disjoint) cubes 
from HDq U LDo G BAo. We set HD = Stop fl HDo, LD = Stop fl LDq, 
and BA = Stop fl BAo. The notations HD, LD, and BA stand for “high 
density”, “low density”, and “big alpha’s”, respectively. 


Lemma 3.1. For M big enough, we have 


and thus 


Rn IJ Q C {R\A)U{R\F), 

Qestop 


A 


IJ g 

Qestop 


< 3efi{R). 


Proof. Since the second statement is an immediate consequence of the 
hrst one, we only have to show that if g G T>(i?) fl Stop, then Q C 
{R\A)U{R\F). 
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Suppose first that Q G HD. Since for any x ^ Q we have Bq^ C 
6diam((5)), setting r = 6diam((5) we get 

^^{B{x,r)) > fiiBg) > = C 7 M> 4Nr^, 

assuming M > c^^AN. Since r = diam(6(5) < 6ro/10 < ro, it turns 
out that X E A. Hence Q C R \ A. 

Consider now a cube Q E LD. Notice that B{x, i{Q)) C 3Q for every 
X E Q. Thus, 

Thus, X E R \ A because M > N. '&o Q <Z R \ A. 

Finally, if Q G BA, then Q r\ F = 0 and thus Q G R \ F. □ 


We denote by Q the subset of the cubes from V with diam((5) < 
ro/10 which are not contained in any cube from Stop. We also set 

g{R) = gnv{R). 

For a given cube Q eV, we denote 
(3.4) a^(Q) = a^iBq). 

Recall that Bq = 3diam((5)). 

Lemma 3.2. For all x G 3R fl supp p, we have 

Y, a^(Qf<cN. 

Q&Q-.X&Q 

Proof. Let Q E g and 2 : G Q Hsupp fi. Since Bq C B{z, 6diam((5)), for 
any r G [6diam((5), 12diam((5)] we have 

Oii^iQ) < caf,{z,r), 

and thus 


(3.5) 


< c 


.12diam(Q) 

/ aAz,r) 

1 6diam((3) ^ 


Given x G 3R fl supp p, consider some cube P E g such that x E P. 
Since P ^ BA, there exists some z E F 0 P, and then from (3.5) we 
derive 

“12diam(P) 


[ 

J 6di 


Qeg-.QDP 


dr 


2 dr 


<c/ af_,{z,ry — <cN. 


Since this holds for all P G ^ which contains x, the lemma follows. □ 



RECTIFIABILITY IN TERMS OF JONES’ SQUARE FUNCTION: PART I 23 

3.3. A key estimate. 

Lemma 3.3. Let Q G Q{R). Let Lq be the line minimizing a{Q) and 
X G 3(5 risupp (i. If there exists some G Stop such that x G S^, then 
set ix = i{Sx). Otherwise, set = 0. We have 

dist( t, Lq) < c(M) ^ a/,(P)£(P) + c4- 

Peg:xGPC3Q 

We will not prove this result in detail because the arguments are 
almost the same as the ones in Lemma 5.2 of [Tol]. We just give a 
concise sketch. 

Sketch of the proof Let x G 3Q fl supp p, and suppose that 4 7^ 0. For 
i > I, denote by Qi the dyadic cube with side length 2~R{Q) that 
contains x, so that Qm is the parent of the cube Sx in the lemma, and 
Qi G G{R) for 1 < i < m. Set also Qq = Q. For 0 < i < m, let Lq. 
be some n-plane minimizing Q;^((5j) and denote by Llj the orthogonal 
projection onto Lq,. 

Let Xm = Llm(T), an by backward induction set Xi^i = nj_i(a;j) for 
i = m,.. . ,1. Then we set 

m 

(3.6) dist(a;, Lq) < |to - t| < ^ \xi-i - xf + \xm - x\. 

i=l 

It is clear that \xm-i — a;| < 4 , and one can check also that, for 
1 < i < m, 

(3.7) \xi-i - Xi\ < dist/f(LQ,_, n Pq,, Lq, n Pq,), 

where dist/^ stands for the Hausdorff distance. Further, it turns out 
that 

(3.8) distH(LQ,_, n Pq,, Lq, fl Pq,) < 

with the implicit constant depending on M. This estimate has been 
proved in Lemma 3.4 of [Tol] in the case when p is AD-regular. It is 
not difficult to check that the same arguments also work for the cubes 
1 < * < iR, due to the fact that 

< l(3Q5 < p{BqJ < 


From (3.6), (3.7) and (3.8), the lemma follows. 


□ 
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3.4. Proof of (3.2). Given a cube Q C we set 

( 2 \ 

’ 

where the inhmum is taken over all n-planes L C Instead, we 
could also have set /9^,2(Q) = Pij,, 2 {Bq), analogously to the dehnition of 
C(^{Q) in (3.4). However, for technical reasons, the dehnition in (3.9) 
is more appropriate. 

To prove (3.2) we will show hrst the next result. 

Lemma 3.4. The following holds: 

Y, M < C{M, N) M3R)- 

Q&g{R) 

Proof. Consider a cube Q G Q{R). By Lemma 3.3, we have 

dist(a;, Lq) < c(M) ^ q;^(P) £(P) + c4. 

Peg-.xePcSQ 

where 4 = i{Sx) if there exists G Stop such that x E and 4 = 0 
otherwise. So we get 

dist(a;, Lq)2 < c(M) ^ a^(P)4P)^ 

\Peg:xePc3Q / 

<c(M) Y a,{Prt{P)t(Q) + cel 

Peg-.x&PcSQ 
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First we deal with the term II. By Fubini, we have 

11= Y. UUfTt E 

Pestop Qeg{R):3QDP 

Since ^{Q) < M I{QY for all Q G Q{R), the last sum above does not 
exceed C{M)/i{P)‘^. Thus, 

II < C{M) ^ 

PGStop 

Finally, we turn our attention to the term I in (3.10): 

/= E o.UtAOCT) E J7^- 

Peg-.PcsR Qeg(Ry.3Qz)P 

Using again that yi{Q) < M I{QY for all Q G we derive 

i<c(M) E MOVT). 

p&g-.pc.3R 

By Lemma 3.2, the sum on the right hand side above does not exceed 
C{N) fi{3R), and so the lemma follows. □ 


Now we can easily prove the estimate (3.2). Indeed, arguing as in 
Subsection 2.5, for some constant cs > 0 we get 

csro 

r 


JAnFJo 
Thus 


/9M,2(a^,r)2-<c l3^,2{Q?yi{Q)<C{M,N)yi{3R). 

Q&g{R) 


dv 

rY — < oo for /i-a.e. x E An F. 


Recalling that, by (3.3), /i(R \ (^ H F)) < 3e fi{R) and that e can be 
taken arbitrarily small, it turns out that 

dr 

/ — < OO for p-a.e. x E R. 


Since this holds for any dyadic cube R with /i(i?) > 0, (3.2) is proved. 
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